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Abstract. We study the instability of a mixture of two interacting counter-flowing superfluids. For a homo-
geneous system, we show that superfluid hydrodynamics leads to the existence of a dynamical instability
at a critical value of the relative velocity vcr. When the interspecies coupling is small the critical value
approaches the value vcr = c1 + c2, given by the sum of the sound velocities of the two uncoupled super-
fluids, in agreement with the recent prediction of [1] based on Landau’s argument. The crucial dependence
of the critical velocity on the interspecies coupling is explicitly discussed. Our results agree with previous
predictions for weakly interacting Bose-Bose mixtures and applies to Bose-Fermi superfluid mixtures as
well. Results for the stability of transversally trapped mixtures are also presented.
PACS. 67.85.-d – 67.10.-j – 47.37.+q
Recent years have witnessed the advent of ultracold
gases as a unique playground for the study of quantum
many-body phenomena [2]. The wide tunability of these
systems allowed experimentalists to engineer a broad range
of physical situations and paved the way to the experimen-
tal study of outstanding problems in condensed matter
physics or astrophysics.
An important direction of research concerns the study
of quantum mixtures of two superfluids and the onset
of their instability when they move against each other
(counterflow instability). In the case of weakly interact-
ing Bose-Einstein condensates the dynamical counterflow
instability has been theoretically studied in several works
[3,4,5,6,7,8] and has been experimentally seen to lead to
the formation of soliton trains [9,10]. The recent results
presented in [11] for mixtures of Bosons and Fermions
demonstrated the possibility of reaching double superflu-
idity with atomic gases belonging to different statistics,
opening a new scenario for the physics of superfluid mix-
tures. The study of the collective excitations of the mix-
ture raised, in particular, the question of the critical ve-
locity of their relative superfluid motion.
In [1], Castin et al. proposed a generalization of Lan-
dau’s mechanism applied to a mixture with vanishingly
small interspecies coupling, where the relative flow decays
by shedding pairs of elementary excitations in the two
components of the mixture. When the excitation spectra
of the two superfluids are dominated by acoustic modes,
the critical velocity vcr is the sum of their sound velocities:
vcr = c1+c2. A similar result was obtained in [12] by con-
sidering the lifetime of the quasi-particles of the system.
This result for the critical velocity differs from the usual
Landau’s prescription vcr = min(c1, c2) holding for two
independent superfluids. Actually the latter result holds
only if the superfluids can exchange momentum with an
external wall or with a moving impurity. Instead, in [1],
momentum conservation is ensured by the excitation of
two phonons with opposite momenta.
In the present article, we study the stability of a su-
perfluid counter-flow in the hydrodynamic approximation,
discussing in an explicit way the role of the interspecies
interaction, going beyond the small interspecies coupling
limit discussed in [1].
Consider a mixture of two superfluids labeled by the
indices α = 1, 2. In the hydrodynamic approximation, the
equations of motion at zero temperature can be obtained
starting from the energy functional
E[n1, n2, φ1, φ2] =
∫ [
1
2
m1n1(∇φ1)2 + 1
2
m2n2(∇φ2)2+
+ U1n1 + U2n2 + e11(n1) + e22(n2) + e12(n1, n2)
]
dr
(1)
wheremα is the mass of the particles of the superfluid α =
1, 2 and Uα(r) their trapping potential. The terms e11(n1),
e2(n2) and e12(n1, n2) are the energy densities correspond-
ing, respectively, to the interactions among particles 1,
particles 2 and between particles 1 and 2. The velocity
potential, φα, is related to the superfluid velocity of each
fluid as vα = ∇φα. Choice (1) for the energy functional
ignores the possible coupling between the velocity fields
of the two fluids, which lead to physical phenomena such
as the Andreev-Bashkin effect [13]. This effect is however
expected to be small in dilute gases.
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The equations for the density and velocity fields, nα(r, t)
and vα(r, t), can be derived by taking the velocity poten-
tial and the density as conjugate variables obeying Hamil-
ton’s equations, ∂nα/∂t = δE/δφα and ∂φα/∂t = −δE/δnα.
They take the form
mα
(
∂tvα +∇v
2
α/2
)
= −∇ (Uα + µα) (2)
∂tnα +∇(nαvα) = 0, (3)
where µα(n1, n2) is the chemical potential of each species
at rest, given by
µ1(n1, n2) =
∂e11(n1)
∂n1
+
∂e12(n1, n2)
∂n1
(4)
µ2(n1, n2) =
∂e22(n2)
∂n2
+
∂e12(n1, n2)
∂n2
(5)
We address first the case of a homogeneous system
(Uα = 0). The stationary solutions correspond to uniform
densities and velocity fields, with nα = n
(0)
α and vα = v
(0)
α .
We consider the general case v
(0)
1 6= v(0)2 corresponding to
a non vanishing counter-flow velocity v = v
(0)
1 − v(0)2 . If
the system is weakly perturbed with respect to the station-
ary configuration, we can look for solutions in the linear
regime:
nα(r, t) = n
(0)
α + n
(1)
α e
i(q·r−ωt) (6)
vα(r, t) = v
(0)
α +wαe
i(q·r−ωt). (7)
Expanding the hydrodynamic equations to first order in
the perturbation yields
− imα
(
ω − qv(0)α · u
)
wα = −iq
∑
β
∂µα
∂nβ
n
(1)
β (8)
i
(
ω − qv(0)α · u
)
n(1)α = iq
(
n(0)α wα
)
. (9)
with u = q/q a unitary vector in the direction of the
quasimomentum q. Using Eq. (8) to eliminate wα from
Eq. (9) we obtain
mα(ω − qv(0)α · u)2n(1)α = q2n(0)α
∑
β
∂µα
∂nβ
n
(1)
β (10)
By writing the frequency ω of the solution as ω = cq, we
find that the sound velocity c should satisfy the condition[
(c− v(0)1 · u)2 − c21
] [
(c− v(0)2 · u)2 − c22
]
= c412 . (11)
In the above equation we have introduced the quantities
c2α =
n
(0)
α
mα
∂µα
∂nα
(12)
c212 =
√
n
(0)
1 n
(0)
2
m1m2
∂µ1
∂n2
∂µ2
∂n1
(13)
Notice that the hydrodynamic formalism is valid in the
long wavelength limit, that is when q → 0, and for sound-
like excitations. In the following we will always consider
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Fig. 1. Left: Typical graph of P (c). ci,± are the roots of P
and c∗ is the abscissa of the maximum of P . For c412 < P (c
∗)
there are four real solutions of P (c) = c412, hence no imaginary
solution. Right: For c412 > P (c
∗), then the equation P (c) = c412
has two complex roots, leading to an instability. The instability
threshold condition is therefore given by P (c∗) = c412.
that the system is dynamically stable at rest, that is c212 <
c1c2.
When the intercomponent interaction can be treated
within the mean-field approximation, we have
µ1(n1, n2) = µ
(0)
1 (n1) + g12n2 (14)
µ2(n1, n2) = µ
(0)
2 (n2) + g12n1, (15)
where µ
(0)
α is the chemical potential of species α alone and
g12 is the coupling constant between the two species. In
this case, the quantities c1 and c2 coincide with the sound
velocities of the two uncoupled fluids at rest and the cross-
term c212 is proportional to g12.
The solutions of Eq. (11) are not always real and can
therefore lead to a dynamic instability of the system. Ow-
ing to Galilean Invariance, the instability rate depends
only on the relative velocity of the two fluids. Indeed, let’s
consider a Galilean boost of the two superfluids v
(0)
α →
v
(0)
α +V . The solution of Eq. (11) is simply shifted by the
same amount and we have c → c + V · u. In particular,
its imaginary part is not modified by the boost. From this
property we see that for any V , Im[c(v
(0)
1 +V ,v
(0)
2 +V )] =
Im[c(v
(0)
1 ,v
(0)
2 )], where Im is the imaginary part. Taking
V = −v(0)2 , we deduce that Im[c(v(0)1 ,v(0)2 )] = Im[c(v(0)1 −
v
(0)
2 , 0)] and, as expected, depends only on the relative ve-
locity v.
In order to discuss the general solutions of Eq. (11) it
is convenient to write it as
P (c) = c412 (16)
where P (c) =
[(
c− v(0)1 · u
)2
− c21
] [(
c− v(0)2 · u
)2
− c22
]
is a fourth-degree polynomial. P (c) has four roots, ci± =
v
(0)
i · u ± ci and its typical shape is displayed in Fig. 1
where c∗ corresponds to the maximum of P . If c412 is be-
low P (c∗), then Eq. (16) has four real roots and the mix-
ture is dynamically stable. If instead c412 is above P (c
∗),
then Eq. (16) has 2 real roots, and 2 complex conjugate
roots, leading to a dynamical instability of the system.
The instability threshold thus corresponds to the condi-
tion P (c∗) = c412.
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We first note that the system is always unstable when
c212 > c1c2. Indeed, consider a wave-vector q orthogonal
to both v
(0)
α . In this case, P (c) = (c2− c21)(c2− c22) and its
maximum is achieved for c∗ = 0 with P (c∗) = c21c
2
2. We
therefore obtain the well-known instability criterion for
the phase separation of a static mixture of two superfluids.
Let us now consider the situation of a small coupling
c212. The condition P (c
∗) = c412 ≃ 0 implies that c∗ is a root
of both P and P ′ and is thus a double root of P . The only
way to satisfy this condition is to have c1± ≃ c2∓ ≃ c∗.
Close to the onset of instability, we can approximate P (c)
in the vicinity of c∗ by
P (c) ≃ −4c1c2(c− c1+)(c− c2−). (17)
Since the extremum of a parabola is at the middle of its
roots, we have c∗ = (c1+ + c2−)/2 and hence
P (c∗) ≃ c1c2(c2− − c1+)2 ≃ c1c2(v · u− c1 − c2)2. (18)
Since the mixture is unstable when P (c∗) ≤ c412, we see
that the width of the instability domain is given by the
inequality
|v · u− c1 − c2| ≤ c
2
12√
c1c2
, (19)
i.e. takes place in the interval c1+c2−c212/
√
c1c2 < |v·u| <
c1 + c2 + c
2
12/
√
c1c2. Note that in the unstable region,
the imaginary part of c (yielding the departure rate from
equilibrium) is given by
Im(c) =
1
2
√
c412
c1c2
− (c1+ − c2−)2 ≤ 1
2
c212√
c1c2
, (20)
the upper-bound being achieved when c1+ = c2−, i.e.
when |v · u| = c1 + c2. Since |v · u| ≤ v, we see that
the counter flow is unstable as soon as v ≥ vcr = c1 + c2,
which corresponds to the Landau criterion predicted in
[1]. Above this threshold the counter-flow decays by shed-
ding excitations of opposite momenta propagating along
a direction u such that |v · u| = vcr.
Notice finally that the imaginary part of c becomes
smaller and smaller as the interspecies coupling c212 tends
to zero. This implies that the instability rate goes to zero
for vanishingly small couplings, even though the critical
velocity remains finite.
In the experiment described in [11], the sound velocity
of the Bose gas is about five times smaller than that of
the unitary Fermi superfluid. It is therefore interesting to
calculate the critical velocity when one of the sound veloc-
ities (for example c2) tends to zero. To this purpose, it is
convenient to expand the discriminant of the polynomial
P (c)−c412 to the lowest nonzero order in c2 (second order)
and equate it to zero, as was sketched in [3]. This leads to
the values of v at which P (c∗) = c412, yielding the result
vcr = c1
√
1−∆2 (21)
for the onset of dynamic instability, where we have intro-
duced the dimensionless parameter ∆ =
c2
12
c1c2
.
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Fig. 2. Critical relative velocity, v/c1, as a function of the
interfluid coupling ∆, for various values of c2/c1.
Having understood the behavior of the solutions of
the hydrodynamic equations for small values of the inter-
species coupling and c2 we can now investigate the effect
for arbitrary values of c2 and c12 by solving numerically
the relevant Eq. (11). To this purpose it is convenient to
rewrite (11) in dimensionless units, dividing it by c21c
2
2 and
expressing all the velocities in units of c1: c → c˜ = c/c1,
c2 → c˜2 = c2/c1, v(0)α → v˜(0)α = v(0)α /c1. The solutions for
c˜ then depend on v˜
(0)
α , c˜2 and ∆. As justified above, the
onset of dynamical instability depends on v˜ = v˜
(0)
1 − v˜(0)2
as well as c˜2 and ∆.
In Fig. 2 we show the results for the critical velocity,
v˜cr, associated with the emergence of a complex solution
of c˜ as a function of ∆, for different choices of the ratio
c˜2. Some comments are in order here.
i) For ∆ → 0 the results are consistent with the pre-
diction vcr = c1 + c2 found by Castin et al. and discussed
above. In general we find that the critical value vcr given
by the condition Eq. (19) for small values of ∆ provides a
good approximation to the exact solution up to ∆ ∼ 0.3.
ii) The critical velocity vanishes as ∆ → 1 (c1c2 →
c212), corresponding to the onset of dynamic instability in
the absence of moving fluids discussed above.
iii) In addition to the two previous cases, a simple ana-
lytical solution can be obtained for c1 = c2 ≡ c0 for which
we find
c(v) =
1
2
√
(v · u)2 + 4c20 ± 4
√
(v · u)2c20 + c412 . (22)
The condition for dynamical instability is |(v ·u)2−4c20| =
4c212, which leads to the critical velocities
v±cr = 2c0
√
1±∆ . (23)
The system is thus dynamically unstable in the range
v−cr < |v · u| < v+cr, whereas remains dynamically stable
outside this region.
Let us make a remark here on the upper bound of the
instability zone, v+cr. This result emerges naturally in hy-
drodynamics where the dispersion is linear in q. However,
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inclusion of dispersive terms in the excitation spectrum
can give rise to a different scenario. For instance, in the
context of bosonic mixtures, where the excitation spec-
trum is known for all q, it can be shown that for |v·u| > v+cr
the dynamical instability arises at finite values of q [3,8].
Therefore even if two superfluids moving at a relative ve-
locity |v ·u| > v+cr are dynamically stable against the exci-
tation of long wavelength phonons, they can be unstable
against the excitation of shorter wavelength modes.
Let us finally comment that our results apply to both
Bose-Bose and Bose-Fermi mixtures (the case of Fermi-
Fermi mixtures will not be discussed here), in the weak
as well as in the strong coupling limit. Let us discuss the
explicit form for the various quantities entering the calcu-
lation of the critical velocity in the two cases:
a) Weakly interacting Bose-Bose gases. In this
case the sound velocities are given by the Bogoliubov form
mαc
2
α = gαnα, with the coupling constant fixed by the
s-wave scattering length according to gα = 4pi~
2aα/mα.
The dimensionless interspecies coupling ∆ is given by the
density-independent result ∆ = g12/
√
g1g2, with g12 =
2pi~2a12/mr, where we have introduced the reduced mass
m−1r = m
−1
1 + m
−1
2 . Our results agree with those previ-
ously reported (see [3,4,5,6,7,8,10]) in the limit q → 0.
b) Dilute Bose gas interacting with a unitary
Fermi gas. In this case the sound velocity of the Fermi
gas (hereafter called c1) is given by c1 = vF
√
ξ/3, with
vF the Fermi velocity and ξ the Bertsch parameter [14],
while the constant ∆ takes the density-dependent form
∆2 =
(
3
pi
)1/3
(m1 +m2)
2
ξm1m2
a212(n
0
1)
1/3
a2
. (24)
In the case of 6Li-7Li superfluid mixtures, recently ex-
perimentally implemented in [11], the interaction param-
eters can be tuned in a rather flexible way thanks to
the occurrence of various Feshbach resonances, so that
these mixtures are excellent candidates to explore in de-
tail the mechanisms of dynamic instability discussed in
the present paper. Let us also notice that the results pre-
sented in this work are based on the assumption that the
two fluids are miscible at rest. According to Viverit et al.
[15], for positive values of the interspecies coupling con-
stant g12, phase separation in a Bose-Fermi mixture can
actually occur before the onset ∆ = 1 of dynamical insta-
bility.
Let’s now turn to the case of a transversally trapped
system where the external potentials Uα depend on the
transverse coordinate ρ = (x, y). The stationary density
profiles are then given by the Local Density Approxima-
tion (LDA) condition µα(n
(0)
1 (ρ), n
(0)
2 (ρ))+Uα(ρ) = µ
(0)
α .
From the LDA results for the 3D density one can calcu-
late the double integrated (1D) densities n¯α =
∫
d2ρn
(0)
α
of the two fluids, in terms of the chemical potentials µ1
and µ2. The knowledge of the equations of state µ1(n¯1, n¯2)
and µ2(n¯1, n¯2) then permits to derive the 1D hydrody-
namic equations, following the same procedure employed
in the first part of the paper, provided the wave vector q
of the sound wave is smaller than the radial size of the
mixtures. The simplest case is when the coupling term is
vanishingly small. In this case one finds that the system
becomes unstable for vcr = c¯1+ c¯2, in analogy with the 3D
result, where mαc¯
2
α = ∂µα/∂n¯α are the sound velocities
of the two independent fluids in the 1D-like configura-
tions. In the Bose case one finds µBose ∝ n¯1/2 and hence
c¯Bose = 1/
√
2 cBose [16,17]. In the unitary Fermi gas one
instead finds µFermi ∝ n¯2/5 yielding c¯Fermi =
√
3/5 cFermi
[18,19]. In the above equations cBose and cFermi are the
sound velocities calculated, for a uniform Bose and Fermi
gas, respectively, at the central density. In the experiment
reported in [11], ∆ ≃ 10−1. The effects of the interactions
are then negligible and the measured critical velocity is
indeed very close to the prediction vcr = c¯Fermi + c¯Bose. It
is also worth noticing that our results apply to any two
species Luttinger liquid, in particular to spin-1/2 Fermi
gases confined to one-dimension. In the latter case the
relative velocity breaks the spin-charge separation of the
system and according to our result produces a dynamical
instability if it is large enough.
In conclusion, using a hydrodynamic approach, we have
derived explicit results for the emergence of dynamic in-
stability in a mixture of two superfluids, by calculating the
critical velocity associated with the relative motion of the
two components of the mixture. Our results hold also for
fluids belonging to different quantum statistics and gener-
alize previous results derived for mixtures of Bose-Einstein
condensates. For relative velocities larger than the critical
value the solutions of the hydrodynamic equations exhibit
an imaginary component in the sound velocity which is re-
sponsible for decay processes. The role of the interspecies
interaction has been explicitly investigated and shown to
decrease the value of the critical velocity with respect to
the prediction of [1], derived in the limit of vanishingly
small interspecies coupling constant. Special emphasis has
been given to the behavior of Bose-Fermi superfluid mix-
tures where experimental measurements of the collective
motion have recently become available.
This work has been supported by ERC through the
QGBE and ThermoDynaMix grants, by Provincia Au-
tonoma di Trento and by Re´gion Ile de France (IFRAF).
A. R. acknowledges support from the Alexander von Hum-
boldt foundation.
References
1. Y. Castin, I. Ferrier-Barbut, and C. Salomon,
arXiv:1408.1326 (2014).
2. I. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys.
80, 885 (2008).
3. C. K. Law, C. M. Chan, P. T. Leung, and M.-C. Chu,
Phys. Rev. A 63, 063612 (2001).
4. V. I. Yukalov and E. P. Yukalova, Laser Phys. Lett. 1, 50
(2004).
5. L. Y. Kravchenko and D. V. Fil, J. Low Temp. Phys. 150,
612 (2008).
6. L. Y. Kravchenko and D. V. Fil, J. Low Temp. Phys. 155,
219 (2009).
Marta Abad et al.: Counter-flow instability of a quantum mixture of two superfluids 5
7. H. Takeuchi, S. Ishino, and M. Tsubota, Phys. Rev. Lett.
105, 205301 (2010).
8. S. Ishino, M. Tsubota, and H. Takeuchi, Phys. Rev. A 83,
063602 (2011).
9. C. Hamner, J. J. Chang, P. Engels, and M. A. Hoefer,
Phys. Rev. Lett. 106, 065302 (2011).
10. M. A. Hoefer, J. J. Chang, C. Hamner, and P. Engels,
Phys. Rev. A 84, 041605 (2011).
11. I. Ferrier-Barbut, M. Delehaye, S. Laurent, A.T. Grier,
M. Pierce, B.S Rem, F. Chevy, and C. Salomon, Science
345, 1035 (2014).
12. Wei Zheng and Hui Zhai, arXiv:1408.6419 (2014).
13. A. F Andreev and E. P. Bashkin, Sov. Phys. - JETP, 42,
164 (1975).
14. S. Giorgini, L.P. Pitaevskii, and S. Stringari, Rev. Mod.
Phys. 80, 1215 (2008).
15. L. Viverit, C. J. Pethick, and H. Smith, Phys. Rev. A 61,
053605 (2000).
16. E. Zaremba, Phys. Rev. A 57, 518 (1998).
17. S Stringari, Phys. Rev. A 58, 2385 (1998).
18. P. Capuzzi, P. Vignolo, F. Federici, and M. P. Tosi, Phys.
Rev. A 73, 021603(R) (2006).
19. Y.H. Hou, L.P. Pitaevskii, and S. Stringari, Phys. Rev. A
88, 043630 (2013).
